The goal of this paper is to give a complete classification of tight contact structures on lens spaces, as well as complete classifications of tight contact structures on solid tori S 1 × D 2 and toric annuli T 2 × I with convex boundary. This completes the classification of tight structures on lens spaces, initiated by Etnyre in [2] , as well as the classification of tight structures on solid tori (at least for convex boundaries), initiated by Makar-Limanov [10] . Our method is a systematic application of the methods developed by Kanda [9] in his classification of tight contact structures on the 3-torus, which in turn use Giroux's theory of convex surfaces [5] . In essence, we use Kanda's methods and apply them in Etnyre's setting -the crucial difference is that we use Legendrian curves in this paper, whereas Etnyre uses transverse curves in his analysis. The Legendrian curve approach is more efficient -it yields fewer possible configurations than the transverse curve approach.
Consider the lens space L(p, q), where p > q > 0 and (p, q) = 1. Assume − Next consider the toric annulus T 2 × I = T 2 × [0, 1] with convex boundary ∂(T 2 × I) = T 1 − T 0 = T 2 × {1} − T × {0}. Assume for simplicity that the tori are minimal, i.e., the number of dividing curves is the minimum number 2. After normalizing via SL(2, Z), we may assume that T 1 has dividing curves with slope − p q has slope −1. Here we are viewing T 2 = R 2 /Z 2 , and the slope of a closed curve is the slope of a linear curve on T 2 which is isotopic to the closed curve. Hence we will be assuming that the dividing curves are linear, after a diffeomorphism isotopic to the identity. For this boundary data, we have the following: Theorem 2 Consider T 2 × I with minimal convex boundary, and assume the slope of the dividing curves on T 1 is − p q
, and the slope on T 0 is −1.
T
2 × I has exactly |(r 0 + 1)(r 1 + 1) · · · (r k−1 + 1)(r k )| positive tight contact structures for which the twisting in the I-direction is minimal. Here, r 0 , ..., r k are the coefficients of the continued fraction expansion of − p q .
For each n ∈ Z
+ , there exist exactly 2 positive tight contact structures on T 2 × I, corresponding to additional twisting by πn, in excess of the minimal required.
The classification is up to an isotopy which fixes the boundary when − p q < −1. When − p q = 1, the classification is up to an isotopy which fixes one boundary component and moves the other boundary component.
For a discussion of minimal twisting in the I-direction, we refer the reader to Section 2.1. The minimality of dividing curves is an assumption which can be easily removed -see Section 4.3.
Finally, we have the analogous theorem for solid tori. Let us say that the slope of a closed curve on T 2 = ∂(S 1 × D 2 ) is the slope of T 2 = R 2 /Z 2 , where (1, 0) T is the meridian of the solid torus, and (0, 1)
T is the longitudinal direction determined by a chosen framing. and −1 (for the dividing curves), with minimal twisting and minimal boundary.
Via a multiplication by 1 m 0 1 ∈ SL(2, Z), induced by a change of framing, all the boundaries of S 1 × D 2 can be put in the form described in the theorem above. In addition, the choice of slope − p q with p ≥ q > 0 is unique.
Note: E. Giroux has independently obtained similar classification results for solid tori and toric annuli. 
Preliminaries
Let (M, ξ) be a compact, oriented 3-manifold with a tight contact structure ξ. In this paper all the contact structures will be positive, and we mean 'positive contact structure' when we simply say 'contact structure'.
Convex tori in standard form
One of the main ingredients in our study is the convex torus Σ ⊂ M in standard form. Its precise definition will be given later, but for the moment refer to Figure 1 for an illustration. Note that in all of our planar representations of T 2 the top is identified with the bottom and the left side identified with the right side. We will explain how to deform an embedded surface Σ 0 ⊂ M so that its characteristic foliation ξ Σ 0 = ξ ∩ Σ 0 is normalized. For the details of the results, we refer the reader to Giroux's paper [5] .
Step 1: For any contact structure ξ, tight or overtwisted, an oriented embedded surface Σ 0 can be deformed by a C ∞ -small isotopy so that the resulting embedded surface (which we also call Σ 0 ) is convex, i.e., there exist a contact flow X transverse to Σ 0 .
Remark: A closed convex surface Σ 0 has a dividing set Γ. A union of embedded curves in Σ 0 is called a dividing set Γ if Γ = {x ∈ Σ 0 |X(x) ∈ ξ(x)} for some contact vector field X transverse to Σ 0 . It is Γ that determines the geometry of Σ 0 ⊂ M and not the particular characteristic foliation ξ Σ 0 . One illustration of this principle is Lemma 4 below.
Step 2: If ξ is tight and Σ 0 = T 2 is convex, then the dividing set Γ is the union of an even number 2n of parallel homotopically nontrivial curves.
Step 3: Assume ξ is tight and Σ 0 is a convex torus. Then, after a diffeomorphism of Σ 0 (given by an element of SL(2, Z)), we can deform Σ 0 = T 2 inside a neighborhood of Σ 0 ⊂ M to a torus Σ, one whose characteristic foliation on Σ = R 2 /Z 2 with coordinates (x, y) is given by y = rx + b, where r = 0 is fixed, and b varies in a family, with tangencies y = k 2n , k = 1, ..., 2n. (r = ∞ will also be allowed, in which case we have the family x = b.) n will be called the torus division number. The horizontal Legendrian curves y = k 2n are isolated and rather inflexible from the point of view of Σ (as well as nearby convex tori), and will be called Legendrian divides. The Legendrian curves that are in a family are much more flexible by Lemma 4, and will be called Legendrian rulings. . Then, via a C 0 -small perturbation near the divides, we can modify the slopes of the rulings from r = 0 to any other number r ′ = 0 (r = ∞ included).
Proof: This is essentially a holonomy lemma, with a local picture identical to a neighborhood of the Legendrian curve y = z = 0 inside the plane z = 0 in R 3 , for the standard contact structure ξ given by the contact form dz − ydx. We will show how to perturb P = {z = 0} to P φ = {z = φ(y)} with Supp(φ) on a small neighborhood of y = 0 so that the holonomy map R → R, given by the flow along P φ from R × {(−1, 0)} to R × {(1, 0)} can be made as positive or as negative as we would like. To see this, note that ξ P φ is directed (for the most part) by since our φ is x-independent. By choosing φ to be steep near y = 0 we may make this holonomy map to be as positive as we want or as negative as we want. 2 Σ is called a convex torus in standard form (or simply in standard form), if 1. Σ is a convex torus -we will always assume convex surfaces are embedded.
2. After a diffeomorphism, the characteristic foliation on Σ = R 2 /Z 2 , with coordinates (x, y), has division number = n, Legendrian divides y = k 2n , k = 1, ..., 2n, and rulings by linear Legendrian curves of a fixed rational slope not equal to 0.
We will also say that a convex annulus Σ = S 1 × I is in standard form if, after a diffeomorphism, S 1 × {pt} are Legendrian (i.e., they are the Legendrian rulings), with tangencies z = k 2n (Legendrian divides), where S 1 = R/Z has coordinate z. 
Convex surfaces with Legendrian boundary
Let us first define the twisting number t(γ, F ) of a closed Legendrian curve γ with respect to a given framing F to be the number of counterclockwise (right) 2π twists of ξ along γ, relative to F . In particular, if γ is the boundary of a compact surface Σ, T Σ gives a natural framing F Σ , and if Σ is a disk, then t(γ, F Σ ) is the Thurston-Bennequin invariant tb(γ). We will often suppress F when the framing is understood. Notice that it is easy to decrease t(γ, F ), but not always possible to increase t(γ, F ). Let Σ ⊂ M be a compact oriented surface with Legendrian boundary. Assume that t(γ, F Σ ) ≤ 0, for all boundary components γ. After a small perturbation near the boundary, we may assume that γ has a standard annular collar S 1 × I = (R/Z) × I (γ = S 1 × {0}) with Legendrian rulings S 1 × {pt} and Legendrian divides { k 2n
} × I, k = 1, 2, · · · , 2n, where n is the division number of S 1 × I. (When n = 0 there are no divides.) We will perturb Σ so that it is a convex surface, and the characteristic foliation is MorseSmale away from the Legendrian collar. Let us start with a perturbation lemma, due to Fraser [3] -refer to Figure 2 for an illustration of half-elliptic and half-hyperbolic singular points. Proof: Embed the collar S 1 × I into the 3-torus T 3 = R 3 /Z 3 with coordinates (x, y, z) and contact 1-form α n = sin(2πnz)dx + cos(2πnz)dy, so that the collar is [−
we will show that the tangency can be made half-elliptic or half-hyperbolic as we wish. Here, g(x) is a smooth function satisfying g(x) = 0 for x ≤ 0, g(x) = 1 for x ≥ 1 2 , and is nondecreasing.
A brief computation yields a vector field
which lies in the characteristic foliation ξ| Γ ψ . If h(z) = z near z = 0, then a projection of X to y = 0 reveals a half-hyperbolic tangency. If h(z) = −z, the tangency will be half-elliptic. 2
Note: M. Fraser [3] has normal forms for Σ with Legendrian boundary, even when t(γ) > 0 for some boundary component γ. In this case, Lemma 5 is no longer true, and all the singularities must be half-hyperbolic, after appropriate cancellations. If t(γ) > 0, Σ cannot be made convex.
If Σ is compact with Legendrian boundary, and all the boundary components have t ≤ 0, we use Lemma 5 to make all the boundary tengencies of Σ half-elliptic, and perturb to obtain Σ with characteristics foliation which is Morse-Smale on the interior. This means that we have isolated singularities (tangencies), no saddle-saddle connections, and all the sources or sinks are elliptic singularities or closed orbits which are Morse-Smale in the usual sense. This guarantees the convexity of Σ. The actual construction of the transverse contact vector field follows from Giroux's argument in [5] (Prop. II.2.6), where it is shown that Σ is convex if Σ is closed and the characteristic foliation is Morse-Smale.
Bypasses
The following is an edge-rounding lemma which will be used frequently in this paper.
Lemma 6 (Edge-rounding) Let Σ 1 and Σ 2 be convex annuli in standard form which intersect transversely inside its ambient contact manifold along a common boundary Legendrian curve. The neighborhood of the common boundary Legendrian is locally isomorphic to the neighborhood {x 2 + y 2 ≤ ε} of M = R 2 × (R/Z) with coordinates (x, y, z) and contact 1-form α = sin(2πnz)dx + cos(2πnz)dy, for some n ∈ Z + . Σ 1 = {x = 0, 0 ≤ y ≤ ε} and Σ 2 = {y = 0, 0 ≤ x ≤ ε}. If we join Σ 1 and Σ 2 along x = y = 0 and round the common edge, the resulting surface is convex, and the dividing curve z = k 2n on Σ 1 will connect to the dividing curve z = k 2n
Refer to Figure 3 . The proof of Lemma 6 is clear. In this paper Σ i will be tori and annuli, but the edge-rounding lemma applies to any two convex surfaces with Legendrian boundary which intersect transversely along the common Legedrian curve.
Let Σ ⊂ M be a convex torus in standard form, identified with R 2 /Z 2 . With this identification we will assume that the Legendrian divides and rulings are already linear, and will refer to slopes of Legendrian divides and Legendrian rulings. The slope of the Legendrian divides of Σ will be called the boundary slope s of Σ, and the slope of the Legendrian rulings will be the ruling slope r. Now assume, after acting via SL(2, Z), that Σ has s = 0 and r = 0 rational. Note that we can normalize the Legendrian rulings via an
Assume first that r < −1, or r = −1 and n > 1, where n is the torus division number. Let D ⊂ M be an embedded half-disk with Legendrian boundary, where ∂D is the union of two arcs γ 1 , γ 2 which intersect at their endpoints, so that D intersects Σ transversely along γ 1 , which is an arc along a Legendrian ruling curve. If we fix an orientation for D, D has the following tangencies along ∂D: (i) positive elliptic tangencies at the endpoints of γ 1 (= endpoints of γ 2 ), (ii) one negative elliptic tangency on the interior of γ 1 , (iii) only positive tangencies along γ 2 , alternating between elliptic and hyperbolic. (Or the same configuration with + and − switched.) Refer to Figure 4 for clarification. We will call the arc γ 2 , and often the corresponding disk D, a bypass. When r = −1 and n = 1, then we want D → M to be embedded away from the endpoints of γ 1 , and the endpoints of γ 1 to be mapped to the same point.
We define the sign of a bypass to be the sign of the half-elliptic point at the center of the half-disk.
In our later analysis on T 2 × I we will find an abundance of bypasses, and use them to layer or stratify a given T 2 × I with a tight contact structure and convex boundary into thinner, more basic slices of T 2 × I.
Lemma 7 (Layering Lemma) Assume a bypass D is attached to Σ with zero boundary slope, along a Legendrian ruling curve of slope r with
and T 1 is a convex torus in standard form, whose Legendrian divides will be as follows, depending on whether n 0 > 1 or n 0 = 1 (here n i is the division number for T i ):
Here s i is the boundary slope of T i .
Proof: Refer to Figure 5 for an illustration of T 1 . The lemma follows from applying the edge-rounding lemma and rounding the four corners with care. Note that T 1 is obtained from cutting a window W out of T 0 and gluing in the protruded part in Figure 5 . If n 0 > 1, then we claim that T 1 , after smoothing out, must have dividing curves as in Figure 6 . We first glue the left copy of the bypass in Figure 5 to T 0 − W , and round using the edge-rounding lemma. Then the bottom two dividing curves coming in from the left must connect up because of the bypass; similarly the top two dividing curves from the right must also connect.
We will now carefully smooth out the bottom left corner and study the singularities to show that the top dividing curve from the left and the bottom dividing curve from the right must match up. Let us now use the notation from Lemma 5. Let γ be the Legendrian ruling curve on T 0 intersecting the left copy of the bypass. Embed a neighborhood of γ into
, 0] × {0} × R/Z is the image of an annular collar of γ ⊂ T 0 , and the bottom Legendrian divide in Figure 5 is y = z = 0. Assume the bypass has already been rounded using the edge-rounding lemma, i.e., the surface is locally a graph Γ ψ = {y = ψ(x, z)}, where ψ(x, z) is as before, except that g(x) is a smooth function with g(x) = 0 for x ≤ 0 and g ′ (x) is increasing for x ≥ 0, and h(z) = 1. We now round further, and obtain a surface Γ ψ with the same g(x) and h(z) = −Cz near z = 0 (C > 0 a large constant), h(z) = 1 for z ≤ −ε (ε > 0 small), and h(z) smooth and decreasing inbetween. Project X (as in Lemma 5) to the xz-plane. In the quadrant x ≥ 0, z ≤ 0, we have −h z g cos(2πz) > 0 as long as z > −ε, and = 0 for z ≤ −ε. sin(2πnz) + hg x cos(2πnz) is negative when −
.) The characteristic foliation near x = z = 0 in the quadrant x ≥ 0, z ≤ 0 will therefore look like Figure 7 . The top right corner is similar, and while bottom right and top left corners do not interact with the copies of the bypasses.
Thus, the dividing curves are modified as in Figure 6 . This means that if n 0 > 1, then the boundary slopes are unchanged, whereas n 1 = n 0 − 1. On the other hand, if n 0 = 1, similar considerations will show that s 1 = −1 and n 1 = 1.
2
More generally, we have the following, easily seen by transforming to the situation above via SL(2, Z). , m ∈ Z (endpoints noninclusive), then n 1 = 1 and
Configurations of dividing curves
The following lemma, due to Giroux [5] , helps cut down the number of possible dividing curves of convex surfaces embedded inside a tight contact manifold. The proof is closely modeled on a similar argument in Eliashberg [1] . Proof: Let D be the disk component. After a C ∞ -small perturbation of D, fixing the boundary, the characteristic foliation on D can be made Morse-Smale. We will assume that the orientation on Σ is such that the flow exits D along ∂D, i.e., D is a positive component. There can be no closed orbits inside D. If there exists a positive hyperbolic point q inside D, then exists a positive elliptic point p and a trajectory from p to q. Hence, using the Elimination Lemma (c.f. [1] ), we cancel both singular points. Therefore, after a C 0 -small perturbation of D, there exists only one singular point inside D, and it is a positive elliptic point. Now consider the basin B of p, i.e., the closure of the union of trajectories emanating from p. Since D contains only one singular point, B ⊃ D. After a perturbation if necessary, B can be made into an immersed Legendrian polygon, i.e., the image of a map i : P → Σ, where (i) P is a polygon, all of whose vertices are negative singular points, their type alternating between elliptic and hyperbolic, and whose edges are Legendrian curves, (ii) i is an embedding away from ∂P , and possibly identifies edges of ∂P . This is possible because Σ is closed or If i is an embedding, ∂B can be smoothed into the boundary of an overtwisted disk. Even if the edges of P are identified, it is possible to find an overtwisted disk in an arbitrarily small neighborhood of B by embedding P inside a neighborhood N(Σ) = Σ × I of Σ by slightly lifting i : P → Σ ⊂ M in the I-direction so that we have 'monodromy'.
The converse is also true (due to Giroux). Namely, any closed convex surface Σ = S 2 has a tight neighborhood if there is no disk component of Σ − Γ.
Let us also define the sign of a connected component Σ i of Σ − Γ to be the sign of the singularities on the interior of Σ i .
Disks
Let Σ = D 2 , and t(∂D 2 , F Σ ) = −n < 0.
Lemma 10 After a C 0 -small perturbation, D 2 will have no elliptic singularties on the interior, and all its dividing curves are arcs which begin and end on ∂D 2 .
This follows from Lemma 9, by observing that there can be no closed dividing curves on D 2 . Thus, there are only hyperbolic points on the interior of Σ. Each component Σ i (say a positive one) has a 'skeleton', represented by the positive half-elliptic points on the boundary (one for each arc of Σ i ∩ ∂D 2 ), and a network of unstable orbits from positive half-elliptic points to positive hyperbolic points. Observe that a positive hyperbolic point must connect to distinct half-elliptic points. Refer to Figure 8 for an example. For regions of type (2), the stable trajectories of a positive hyperbolic point can connect from the same positive half-elliptic point, as long as the two trajectories do not bound a disk.
The proof of Lemma 11 follows from Lemma 9. The only case that needs slight care is when Σ i intersects ∂Σ but has a closed orbit γ parallel to S 1 . Assuming Σ i is positive, there must exist an unstable trajectory from γ which connects to a positive hyperbolic point p. Via a C 0 -small perturbation, we then replace γ by a closed Legendrian curve γ ′ , which now has two positive singular points, q (elliptic) and r (hyperbolic). Applying the Elimination Lemma to p and q, we put the characteristic foliation in the form given by the lemma. See Figure 9 for examples of annuli and their dividing curves.
Notice that, if not all of the dividing curves cross from S 1 × {0} to S 1 × {1}, then there necessarily exists a component Σ 1 which is a half-disk with boundary ∂Σ 1 = γ 1 ∩ γ 2 , where γ 1 is arc on ∂Σ and γ 2 is a (connected) dividing curve, and γ 1 contains exactly one halfelliptic point. Since the component Σ 2 bordering Σ 1 deformation retracts onto its skeleton, there must exist a bypass D containing this half-disk Σ 1 . If the bypass, with the central half-elliptic point on S 1 × {0} (for example), intersects a half-elliptic point on S 1 × {1}, we thicken the boundary S 1 × {1} to a collar structure before applying the Layering Lemma. Now consider Σ, where at least one of the n i is zero. If n 1 = n 0 = 0, then the annulus will only have closed dividing curves parallel to the boundary. If exactly one of the n i (say n 1 ) is zero, then all the dividing curves will have endpoints on S 1 × {1}, or will be parallel to the boundary.
We now have the following key proposition:
Basic slices
In what follows, T 2 × I will be identified with R 2 /Z 2 × [0, 1] with coordinates (x, y, z). Consider a contact structure on the slice T 2 × I with boundary which are convex tori in standard form. If a convex torus in standard form has torus division number n = 1, then it is said to be minimal. Let the boundary slopes -the slopes of the Legendrian divides -of T 2 ×I be s 1 ≤ 0 and s 0 = 0. Here s α is the boundary slope of This classification is up to an isotopy which fixes both boundary components.
Proof: Assume the contact structure ξ is tight. Without loss of generality, s 1 = −1, s 0 = 0, the Legendrian divides on T 0 are y = 0 and y = We claim that all the dividing curves on the vertical annulus must connect from T 1 to T 0 . Otherwise, we will have a vertical bypass for T 0 (as well as for T 1 ) from Section 1.4.2, Although the dividing curves connect from T 1 to T 0 and are parallel, the vertical annulus A may not have zero 'holonomy'. We can define the holonomy k A as follows: pass to the cover S 1 × R × I and let k A be the integer such that there is a dividing curve which connects from (0, 0, 1) to (0, k A , 0), after an isotopy which fixes the boundary. However, by adjoining front and back panels [0, 1] × S 1 × {1} and [0, 1] × S 1 × {0} to A and rounding the edges, we can alter the holonomy by ±1. For more details on this sliding maneuver, see Lemma 16. Therefore, A can be put into standard form, with horizontal Legendrian divides and vertical Legendrian rulings. Now cut along the vertical annulus to obtain S 1 × D 2 with boundary slope −2, after rounding the edges.
Next, using the Flexibility Lemma, we make the rulings horizontal, and take a meridinal disk D 2 of the solid torus. There are two possible configurations of dividing curves, pictured in Figure 10 . Therefore we have at most two tight structures on a basic slice up to an isotopy which fixes both boundary components. (This method of cutting along surfaces with Legendrian boundary first appears in Kanda [9] .)
It is possible to distinguish the two structures by examining the horizontal annulus B = S 1 × {0} × [0, 1], where γ i = S 1 × {0} × {i}, i = 0, 1, are Legendrian with t(γ 1 ) = −1, t(γ 0 ) = 0. Here we have made the rulings for T 0 horizontal. Hence, there exists a bypass for T 1 along γ 1 . If we orient B by an upward normal, recall we can define the sign of the bypass to be the sign of the half-elliptic point at the center of the bypass. The sign distinguishes the two contact structures.
The two possible candidates for tight structures on the basic slice are universally tight, since they can be embedded in (T 3 , ξ 1 ), where T 3 = R 3 /Z 3 has coordinates (x, y, z) and ξ 1 is given by the 1-form α 1 = sin(2πz)dx + cos(2πz)dy. We can choose T 2 × [0, 1 8 ] ⊂ T 3 , and perturb the boundary so that they are minimal and in standard form, with boundary slopes s 1 8 = −1 and s 0 = −1. If we rotate this tight structure by π, then we obtain the other candidate. Although not isotopic, the two tight structures are diffeomorphic via a diffeomorphism isotopic to −id, where id is the identity map on T 2 = R 2 /Z 2 . The tight structures are isotopically distinct from homotopy-theoretic considerations as in Proposition 19 (essentially by keeping track of signs).
It remains to show that the tight structure on N = T 2 × [0, 1 8 ] ⊂ T 3 is minimally twisting. Assume the existence of a torus T ′ ⊂ N parallel to T1 8 and T 0 , for which the boundary slope s ′ is not between −1 and 0. This is equivalent to the existence of a linear Legendrian curve γ 0 ⊂ N with slope s ′ and t(γ 0 , F T 2 ) = 0. We will pass to the universal cover ( N = R 2 × [0, 1 8 ], ξ 1 ) to find an overtwisted disk. Assume s ′ > 0. Pick a point p = (x 0 , y 0 , z 0 ) on γ 0 with the smallest z-coordinate, and view γ 0 as starting and ending at p. A lift γ 0 will have endpoints p 1 = (x 1 , y 1 , z 0 ), p 2 = (x 2 , y 2 , z 0 ) which are lifts of p. Let γ 1 be the linear Legendrian curve from (x 1 , y 1 , 0) to (x 1 , y 1 , z 0 ), γ 2 be the linear Legendrian curve from (x 2 , y 2 , z 0 ) to (x 2 , y 2 , 0), and γ 3 be the linear Legendrian curve from (x 2 , y 2 , 0) to (x 1 , y 2 , 0). Then the composite γ = γ 1 + γ 0 + γ 2 + γ 3 is a Legendrian curve which projects to a closed curve onto the xz-plane and has positive holonomy. It is easy to decrease its holonomy by adding a curve γ ′ which projects to γ ′ in the xz-plane and satisfies γ ′ = ∂Ω, where Ω is a region in the xz-plane. Therefore, we obtain an overtwisted disk bounded by γ + γ ′ . Notice that t(γ 0 ) = 0 translates to tb( γ + γ ′ ) = 0. We argue similarly for s ′ < −1, and find that N is minimally twisting. 2
Decomposition of T

× I into layers
Assume that ξ on T 2 × I is tight. In this section we will also assume the following: (1) the boundary tori are minimal, (2) T 2 × I has minimal twisting. It is most convenient to arrange the boundary slopes, via an action of SL(2, Z), as follows: −∞ < s 1 ≤ −1 and s 0 = −1.
, where p ≥ q > 0 are integers and (p, q) = 1.
Case 1: Assume p = q = 1. Then s 1 = s 0 = −1. Use the Flexibility Lemma to obtain rulings of slope r 1 = r 0 = 0, take a horizontal annulus S 1 × {pt} × I with Legendrian boundary, and perturb it to satisfy Lemma 11. If not all of the dividing curves of the annulus A cross from T 1 to T 0 , then, by Section 1.3.2, T 1 has a bypass which gives rise to a factoring, and the intermediate layer T1
2 has boundary slope s 1 2 = 0, contradicting minimality. Therefore, both dividing curves cross from T 1 to T 0 . After using a diffeomorphism which fixes T 0 but moves T 1 , we can put A in standard form, cut along A, and round the edges to obtain a solid torus with boundary slope −1. Now pertrub the boundary of the solid torus to obtain horizontal Legendrian rulings. Cut along a meridinal disk with Legendrian boundary γ and t(γ) = −1. Since there is only one possible configuration of the meridinal disk, there is a unique tight structure with n = 1 and identical boundary slopes.
The unique tight structure is therefore translation invariant in the I-direction. However, this uniqueness is only up to an isotopy which fixes one boundary and moves the other one. If we classify up to an isotopy which fixes both boundary components, the holonomy k A distinguishes the isotopy classes. A more detailed argument appears in [8] For all the other cases this will not be a problem, due to Proposition 13.
Case 2: Assume p > q > 0. Take r 1 = r 0 = 0 as before, and consider the horizontal annulus A. Since t(S 1 × {0} × {1}) = −p < t(S 1 × {0} × {0}) = −1, there must exist a bypass along T 1 . Therefore, we can factor 
, the boundary slope must be ∞ by Lemma 8. Now, A −1
and we have the lemma. 2
Applying Lemma 14 inductively, we obtain basic slices whose boundary slopes increase from − 
Continued fractions interpretation
There exists a natural interpretation of the layering process in terms of continued fractions.
Let − p q have the following continued fraction expansion:
with all r i < −1 integers. We identify − 
Therefore, the boundary slopes of the factorization can be obtained in order by decreasing the last entry of the corresponding continued fractions representation.
Notice that this layering process corresponds to taking a sequence −
where the consecutive slopes correspond to pairs of vectors which form an integral basis of Z 2 . Moreover, the slopes on each basic slice represent a positive Dehn twist from the front face to the back face. Therefore, we can also think of this layering process as the shortest sequence of positive Dehn twists taking from − p q to -1. There is also an interpretation in terms of tesselations of the hyperbolic unit disk. (See for example Hatcher [7] .)
Sliding maneuver
There exists a natural grouping of the layers into blocks via continued fractions. The blocks are isomorphic to T 2 × I with minimal twisting, minimal boundary, and boundary slopes −m, −1, where m ∈ Z + .
Proposition 15
There exist at most m tight structures on T 2 × I with minimal twisting, minimal boundary, and boundary slopes −m and −1. , 1]. The tight structure on the basic slice is determined by whether this bypass is positive or negative (recall the sign of the bypass is the sign of the half-elliptic point at the center of the half-disk). In a similar manner, we peel off T × [
], each with a single bypass (+ or −), and with boundary slopes −i and −(i + 1).
Lemma 16 The (potentially) tight structure is determined by the number of positive bypasses on A, and not by the configuration of the dividing curves on A.
Proof: The lemma follows from the sliding maneuver for two adjacent layers which we call
, 1], and with boundary slopes −(k − 1), −k, −(k + 1). By adjoining extra panels of (parallel copies of)
}, and rounding the corners, we can attach a (say) negative bypass of S 1 ×{0} ×[ , 1] to any positive half-elliptic point on S 1 ×{0} ×[0,
}. For example, in Figure 11 , we may think of the negative bypass as belonging to or attached to the half-elliptic point to the right on S 1 × {0} × [0, 1 2 ]. After adjoining one extra panel, the negative bypass is attached to the half-elliptic point on the left (diagram on the right). This implies that we can slide a given bypass around any other, and, therefore , which is diffeomorphic to the form treated in Proposition 15, then continue. We will then obtain k blocks, each with minimal twisting, minimal boundary, and boundary slopes −1, 
Solid tori
Let (S 1 × D 2 , ξ) be a solid torus with minimal boundary. Fix its framing F so that the boundary slope −
where (1, 0) T is the meridinal circle and (0, 1) T is the longitude with respect to F . Let γ be a Legendrian curve isotopic to the core S 1 , satisfying t(γ, F ) = −m, m ∈ Z + . Take a tubular neighborhood of γ so that it has minimal convex boundary with slope − with minimal boundary and boundary slope −1 is unique. This follows from Kanda's argument: make the rulings have slope 0, cut along a meridinal disk with Legendrian boundary γ, and perturb into a unique normal form since t(γ) = −1.
Hence, the number of potential tight structures on S 1 × D 2 with minimal boundary and boundary slope − p q is the same as that of T 2 × I with boundary slopes s 1 = − p q and s 0 = −1. This proves the implication Theorem 2 ⇒ Theorem 3, provided we determine (i) the contact structures are indeed tight and (ii) they are distinct on S 1 × D 2 .
Homotopy classification
Let us now give a homotopy classification of the potential tight structures on S 1 × D 2 with minimal boundary and boundary slope − Proof:
T respectively. A bypass along S 1 × {0} × {0} has ruling slope 0, which is transformed to a slope of 0 < p ′ p < 1 via A 0 . Hence there exists a convex torus with slope 1 between tori of slopes ∞ and 0, implying non-minimal twisting. Thus, there cannot be any horizontal bypasses along T 0 , and all the dividing curves from T 0 cross over to T 1 . This means that there are p − p ′ dividing curves with both endpoints on T 1 . If not all the regions have the same sign, we can find an overtwisted disk in some finite cover of T 2 × I (in a similar fashion as Etnyre [2] and Makar-Limanov [10] ). The proof will be deferred until Proposition 22. Therefore, this would imply that our slice is not universally tight, contradicting Proposition 13.
Now let (r 0 , r 1 , · · · , r k ) be the continued fraction representation of − p q . We will track the increase in the horizontal division number, starting from the innermost layer with boundary slope −1, and moving out to − p q . Consider the boundary slope s = ar j +b cr j +d , corresponding to the continued fraction representation (r 0 , · · · , r j ), where a, b, c, d are integers which only depend on r 0 , · · · , r j−1 (and, in particular, not on r j ), and have no common factor. Then (r 0 , · · · , r j , r) corresponds to s ′ = r(ar j +b)−a r(cr j +d)−c
, and decreasing r by 1 increases the horizontal division number by ar j + b. According to Lemma 18, on the basic slice with boundary slopes s ′ and s, the number of positive bypasses is 0 or ar j + b. Since T 2 with slope s has horizontal division number ar j + b, and the number of positive bypasses on a horizontal annulus for T 2 × I with boundary slopes s and −1 ranges from 0 to ar j + b − 1, the total number of positive bypasses uniquely determines the sign of each basic slice.
The total number of positive components Σ i of D 2 − Γ (Γ is the dividing set) is an invariant of the 2-plane field distribution on S 1 × D 2 rel the boundary. Here is one approach. Perturb ∂(S 1 × D 2 ) to make it Morse-Smale, with one attracting orbit and one repelling orbit. The meridinal disk with Legendrian boundary can be perturbed into a meridinal disk with transversal boundary with star formation (see Etnyre's paper [2] ). The number of positive elliptic points of the star formation will be the number of positive Σ i , and the number of positive elliptic points distinguishes the homotopy classes rel the boundary.
Thus we have: T is the direction of the core curve C i of V i . Note that A 0 is not unique -we can compose A 0 with Dehn twists to the left and the right. However, we will fix a framing for V i , and assume pq
Maximizing the twisting number
Lemma 20 (Twist Number Lemma) Let (M, ξ) be a tight manifold with a fixed framing F . Consider a Legendrian curve γ with t(γ, F ) = n, n ∈ Z, and a standard tubular neighborhood V of γ with boundary slope , satisfying ∂V = T 0 . Since a tight structure on a solid torus with minimal boundary and boundary slope 1/m, m ∈ Z is unique, the solid torus V ∪ (T 2 × I) contains a Legendrian curve isotopic to γ with twisting number n + 1.
Let γ be a Legendrian curve in M = L(p, q), isotopic to C 0 , and with twisting number n ≤ 0. (Recall it is always possible to reduce the twisting number.) Let V 0 to be its neighborhood with boundary slope 1/n. Then A 0 maps (n, 1) . There exist |r 0 + 1| possibilities for the number of positive components Σ i of A − Γ (Γ is the dividing set) on a horizontal annulus A = S 1 × {0} × I with Legendrian boundary, depending on the rotation number of γ 0 . On the other hand, we have |r 1 + 1| possibilities for a vertical annulus, depending on the rotation number of γ 1 . Therefore, we find that all |(r 0 +1)(r 1 +1)| possible tight structures on T 2 × I with the given boundary slopes are realized.
Next, we transform T 2 × I via 0 −1 1 −r 1 to get boundary slopes
and −1.
Notice that γ 2 is now vertical, with boundary slope
. Consider a horizontal annulus for this (transformed) T 2 × I. It will cut through V Remark: In some ways Theorems 1 and 3 can be thought of as a generalization of Eliashberg and Fraser's classification of Legendrian unknots [3] 4 Tight structures on T 
Universal tightness
In this section we will precisely determine which tight structures on T 2 × I are universally tight. Let Σ be an annulus with a collared Legendrian boundary and negative twisting number on both boundary components. If Γ is the dividing set, then denote the connected components of Σ − Γ by Σ i . We extend our abuse of notation and call Σ i a bypass if it intersects only one boundary component of Σ. Recall Σ i is positive if the oriented flow exits from ∂Σ. Figure 13 , as well as a negative A 2 which also does not surround any positive A j Let γ i , i = 1, ..., k be the dividing curve on the outer boundary of A i .
For both cases, pass to the cover M = S 1 × R × I. Let us first consider Case (2) . There exist lifts A = S 1 × {0} × I and
, after rounding the edges, has a dividing curve γ which bounds a disk. In fact, a lift of γ 2 on A will connect up to a lift of γ 1 on A ′ for suitably chosen m. Lemma 9 then implies that M is overtwisted.
For Case (1), take A, A ′ as above, as well as liftsγ i on A andγ 
, after rounding the edges. If we pick m ′ appropriately, we can make the desired connection along N 2 . Now, the dividing curve sits on the branched surface N 1 ∪ N 2 , and there exists an overtwisted disk on this branched surface.
If the tight structure on M has a horizontal annulus, all of whose bypasses are positive (or all negative), then M can be embedded into (T 3 , ξ 1 ) described previously. 2
Remark: There exist exactly two universally tight structures on S 1 × D 2 as well, for a given rational boundary slope and minimal convex boundary, except when the slope is Consider the block N. According to Lemma 11, we can arrange the dividing curves on a horizontal annulus A so we have the following: (1) two dividing curves from T 1 to T 0 , which divide A into A + and A − , (2) all positive bypasses A i ⊂ A + , arranged side-by-side, and all negative bypasses A i ⊂ A − . If there exist both positive and negative bypasses, then the double cover N = (R/Z) × (R/2Z) × I will be overtwisted, using . These ξ ± n can be found inside some (T 3 , ξ m ), m ∈ Z, and are therefore universally tight.
Lemma 23 (M = T 2 ×I, ξ) with minimal boundary, non-minimal twisting, and s 1 = s 0 = 0 is isotopic to one of the ξ ± n , n ∈ Z + .
Proof: Let ξ be a tight structure on T 2 ×I with minimal boundary and s 1 = s 0 = 0. Assume r 1 = r 0 = ∞. Let B be a vertical annulus with normal ∂ ∂x , and Legendrian boundary for which the number of dividing curves on B is minimal among all such vertical annluli. See Figure 14 for possible configurations of dividing curves on B. We then cut along B and perform edge-rounding to obtain a solid torus S 1 × D 2 with 2 + 2i vertical dividing curves, where i is the number of closed dividing curves (parallel to the boundary) on B.
Next cut S 1 × D 2 along a meridinal disk D after modifying the boundary to be standard with horizontal rulings. The configuration of dividing curves on D is completely determined by the condition that the number of dividing curves on B be minimal. If γ 1 and γ 0 are the dividing curves on S 1 ×D 2 which intersect the faces T 1 and T 0 , then all of the dividing curves on D must separate D ∩ γ 1 from D ∩ γ 0 ; otherwise there would exist a bypass which would help reduce the number of dividing curves on B.
Since the tight structure ξ on M depends only on the configuration of dividing curves on B, which (if ξ is not the the I-translation invariant tight structure) is determined by the sign of the bypass along T 1 , together with the total number 2 + i of dividing curves on B. If the sign is + (−), then ξ = ξ to the front preserves tightness (they do for ξ + n ) and whether attaching N 0 to the back preserves tightness (they do for ξ + 2m and ξ − 2m−1 ). In the cases when tightness is not preserved, we can find horizontal annuli with a dividing curve bounding a disk.
In each case, m determines the twisting. For example, consider ξ One of the modifications will yield a positive bypass, and the other will yield a negative bypass. Now perturb T ′ so it is standard. The region bounded by T ′ and T −ε will be universally tight. Note that we can insert a bypass to create any possible configuration for T 2 × I with no twisting, n 1 = n + 1, n 0 = n, s 1 = s 0 = ∞. Here n i is the torus division number for T i .
By iterating this procedure, we find that any (N = T 2 × I, ξ) with n 1 ≥ n 0 , s 1 = s 0 , and bypasses on a horizontal annulus only along T 1 , can be obtained as a universally tight structure inside a translation invariant one on T 2 × I. Moreover, for any (M, ξ) tight and ∂M a union of tori in standard form, attaching layers of the same type as N is an operation which preserves tightness, since the resulting manifold and contact structure can be found inside (M, ξ) due to convexity.
Lemma 25 Let (T 2 × I, ξ) satisfy n 1 ≥ n 0 and s 1 = s 0 = ∞. Assume also that A is a horizontal annulus with no bypasses along T 0 . The configuration of dividing curves on A determines the isotopy type of (T 2 × I, ξ) (fixing the boundary).
Proof: Let A [0,1] be a horizontal annulus on T 2 × [0, 1]. We distinguish the tight structure on (T 2 ×[0, 1], ξ) by attaching various T 2 ×[1, 2] with n 2 < n 1 , s 2 = s 1 = ∞, and no twisting, onto T 2 × [0, 1]. Assume first that n 1 = n 2 + 1, i.e., a horizontal annulus A [1, 2] of T 2 × [1, 2] will have one bypass. This gluing produces an overtwisted structure precisely when the dividing curves of A [1, 2] and A [0,1] match up to bound a disk as in Figure 16 (A). Any other gluing which does not produce a dividing curve on A [1, 2] ∪ A [0,1] bounding a disk will yield a universally tight structure -this follows from observing that both contact structures are invariant in the vertical direction. Therefore, the positions of the innermost bypasses A i (the ones that get removed first in our layering process) are invariant under an isotopy of T 2 × I which fixes the boundary. Next, if we add the layer T 2 × [1, 2] according to Figure 16 (B), we are able to expose the next layer of bypasses. Continuing inductively, we obtain that the configuration of dividing curves on A [0, 1] completely determines the isotopy type of ξ.
